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will be called a commutant of the arranged matrix-pair (A, B), or more shortly a commutant [A, B}. If the elements of X are rational integral functions of certain independent arbitrary parameters, it is to be understood that the equation (a) must be an identity in those parameters
The expression {A,B} will frequently be used to denote 'solution of the equation AX = XB,' where A and B must be square matrices if it is understood as usual that AX and XB are standard products in each of which the two factors have equal passivities. The equation X = {A, B} will bo.uaud to indicate that X is a commutant defined as above, and the expression {A, B} will then be called the commutantal type of the commutant X.
The equation (a) always has the zero solution X = [Q"]n , and if X is any
solution, then pX is a solution, where p is any scalar quantity , conversely if pX is a solution, and p does not vanish identically, then X is a solution. Further if Xlt X2, ... X r are solutions, then
PI.XI + /oaZa + . . . + pr Xr
is a solution when p1} p2, . .. pr are any r scalar quantities. In solutions involving arbitrary parameters, the elements will usually be supposed to bu rational integral functions of those parameters. Rational solutionH arc not thereby excluded, since they can always be replaced by equivalent rational integral solutions.
By a particular commutant {A, B} we shall mean a matrix X = [as] n with
constant or numerical elements satisfying the equation (a). When the equation ,(a) has non-zero solutions, let i be the greatest possible number of independent particular non-zero solutions Then a general commutant
{A, B} will be defined to be a matrix X = [#]" expressible in the form
where Xlt Xa, ... X, are any i independent particular non-zero commutuntH [A, B}, and \1} Xj, .. \ are independent arbitrary parameters. If the equation (a) has no non-zero solution, we have i = 0, and in this case the general commutant [A,B\ is the zero matrix XQ=^[0]n, which could have been regarded as an additional term in (b). Thus when there exist non-zero commutants {A, B}, a general commutant {A, B} is a commutant whoao elements are homogeneous linear functions of a determinate number i of independent scalar parameters or variables; it can be regarded as a homogeneous linear function of those scalar variables, the coefficients being independent non-zero commutants , or it can be regarded as a homogeneous linear function of i particular non-zero commutants with constant elements, the coefficients being independent scalar variables.
When X is a general commutant [A, B} expressed in the form (b), wo